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a b s t r a c t
In Thomassen (1995) [4], Thomassen proved that planar graphs of girth at least 5 are
3-choosable. In Li (2009) [3], Li improved Thomassen’s result by proving that planar graphs
of girth 4 with no 4-cycle sharing a vertex with another 4- or 5-cycle are 3-choosable. In
this paper, we prove that planar graphs of girth 4 with no 4-cycle sharing an edge with
another 4- or 5-cycle are 3-choosable. It is clear that our result strengthens Li’s result.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G) (or V and E, respectively, for short). A list assignment
of G is a function L which assigns to each v ∈ V a list L(v) of colors. A list coloring of G with list assignment L is a map
c : V → v∈V L(v) such that c(v) ∈ L(v) for all v ∈ V and c(u) ≠ c(v) for any adjacent vertices u and v. G is k-choosable
if any k-element list assignment for it permits a list coloring of it [2,5]. In [4], Thomassen proved that planar graphs of girth
at least 5 are 3-choosable. In [3], Li improved Thomassen’s result by proving that planar graphs of girth 4 with no 4-cycle
sharing a vertex with another 4- or 5-cycle are 3-choosable. However, there exist some gaps in Li’s proof. In this paper, we
shall prove that planar graphs of girth 4 with no 4-cycle sharing an edge with another 4- or 5-cycle are 3-choosable. It is
clear that our result strengthens Li’s result. In [1], Dvořák et al. also solved the same problem. Our proof follows Thomassen’s
and Li’s approach while Dvořák et al. used a different approach to solve the problem.
Most terms and notation are the same as [4] except the following. The adjacency of x, y ∈ V is denoted by xy ∈ E. We
use dG(v) (or d(v) for short) to denote the number of neighbors of v in G. The set of neighbors of v in G is denoted by NG(v),
which is called the open neighborhood of v. Similarly, for S ⊆ V , the open neighborhood of S, denoted by NG(S), is the set
v∈S NG(v)
 \ S. If no confusion is possible, we use N(v) and N(S) to denote NG(v) and NG(S) respectively. For each cycle
C in G, int(C) denotes the set of vertices and edges inside but not on C . If int(C) = ∅, then C is facial. If C has at least one
vertex inside it and at least one outside it, C is separating. Let C = C ∪ int(C).
We shall prove the following theorem.
Theorem 1. Let G be a planar graph of girth 4 in which any 4-cycle has no common edge with any other 4-cycle and any 5-cycle.
Let A be a set of vertices on the outer face boundary of G such that either
(i) G(A ) has no edge or
(ii) G(A ) has precisely one edge xy and at least one endpoint of xy, say x, has no 2-path to any other vertex of A .
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Fig. 1. Types I–V 4-cycles.
Let L be a list assignment such that |L(v)| ⩾ 3 for each v ∈ V \A and |L(v)| ⩾ 2 for each v ∈ A . Let u, w be adjacent vertices
on the outer face boundary and c(u) and c(w) be distinct colors inL(u) andL(w), respectively, such that they can be extended
to a list coloring of the 4-cycle G({u, w, x, y}) (if it exists). Now, c = {c(u), c(w)} can be extended to a list coloring of G.
Suppose G is a counterexample to Theorem 1 with |V | minimum. The rest of this paper is devoted to proving the
nonexistence of G. In the course of our proof, five types of 4-cycles play crucial roles. They are depicted in Fig. 1. We will
prove in Lemma 1 that the outer face boundary of G is a cycle, denoted by C . Accordingly, in Fig. 1, each oval-shaped figure
represents the outer cycle of G. Moreover, an ‘A ’ beside a vertex indicates that the vertex is in A . Note that it will never
be the case that two 4-cycles of Types I, II, or IV exist in G simultaneously since G has no adjacent 4-cycles and G(A ) has at
most one edge.
In Section 2, we present some preliminary properties of G. In Section 3, under the assumption that G(A ) has one edge,
we find some properties of G to be used in Section 4 to prove that G(A ) has no edge. Then, we prove that G does not exist
to establish Theorem 1.
2. Preliminary properties of G
Proposition 1. No vertex in G is of degree 2 except for vertices in {u, w} ∪ A .
Lemma 1. G is 2-connected. Hence the outer face boundary of G forms a cycle, denoted by C .
Proof. The proof is similar to that of (2) in [4] except that we take into account the following case. Assume d is a cut vertex
which is the common vertex of blocks B1 and B2 where B1 contains u andw. After extending c to B1, we pick d′, d′d ∈ E from
the outer face boundary of B2. If B2({d, d′, x, y}) is a 4-cycle, we need to choose c(d′) ∈ L(d′) \ {c(d)} appropriately so that
c(d) and c(d′) can be extended to a list coloring of the 4-cycle. 
Lemma 2. G has no separating 4-and 5-cycles.
Proof. Let C = v1 . . . viv1 be a separating cycle where i = 4 or 5. After extending c to a list coloring of G − int(C) by the
minimality of G, let G′ = C − {v4}with c ′ = {c(v1), c(v2)} and A ′ = NC (v4) \ {v1}. ReplaceL(v3) by {c(v3), c(v2)} and (if
i = 5)L(v5) by {c(v5), c(v1)}. For each z ∈ NC (v4) ∩ int(C), changeL(z) toL(z) \ {c(v4)}. Now G′(A ′) has no edge. Thus
c ′ can be extended to a list coloring of G′. This constitutes a list coloring of G, a contradiction. 
Lemma 3. G has no separating 6-cycle and therefore all 6-cycles are facial except possibly C .
Proof. Let C = v1 . . . v6v1 be a separating 6-cycle. Note that C cannot have a chord. We may assume C has no path vivvj
where vi, vj ∈ V (C) and v ∈ int(C) as otherwise we could consider a smaller separating 6-cycle. The reason is that if such
a path exists, C ∪ {vivvj} consists of either two 5-cycles or a 4-cycle and a 6-cycle overlapping each other on the path. For
the former case, d(v) = 2 by Lemma 2, a contradiction. For the latter case, the 4-cycle is facial and the 6-cycle must be
separating; otherwise, either the 6-cycle has a chord with v as one endpoint or d(v) = 2, a contradiction.
After extending c to a list coloring ofG−int(C), let X = {v4, v5} andG′ = C−X with c ′ = {c(v1), c(v2)} andA ′ = NC (X).
ReplaceL(v3) by {c(v3), c(v2)} andL(v6) by {c(v6), c(v1)}. For each z ∈ NC (X)∩ int(C), changeL(z) toL(z)\{c(p)}where
p is the neighbor of z in X . Now G′(A ′) has at most one edge v′4v
′
5 where v
′
ivi ∈ E and v′i ∈ int(C), i ∈ {4, 5}. If it exists,
then, in G′, v′4 has no 2-path to another vertex of A ′ and no 4-cycle contains it. Thus c ′ can be extended to a list coloring of
G′. This results in G having a list coloring, a contradiction. 
Lemma 4. G has no separating 7-cycle and therefore all 7-cycles are facial except possibly C .
Proof. By a similar argument to the proof of Lemma 3 and the absence of a separating 6-cycle, we consider a chordless
separating 7-cycle with no path vivvj where vi, vj ∈ V (C) and v ∈ int(C). After extending c to a list coloring of G− int(C),
let X = {v4, v5, v6} and G′ = C − X with c ′ = {c(v1), c(v2)} and A ′ = NC (X). Now G′(A ′) may have one or two edges
of v′4v
′
5, v
′
5v
′
6 and v
′
4v
′
6, say v
′
kv
′
ℓ, where v
′
ivi ∈ E and v′i ∈ int(C), i ∈ {4, 5, 6}. For each v′kv′ℓ (if it exists), we replace X by
X ∪ {v′k, v′ℓ} and then A ′ by NC (X) anew. Now, pick c(v′k) ∈ L(v′k) \ {c(vk)} and c(v′ℓ) ∈ L(v′ℓ) \ {c(vℓ), c(v′k)}. Note that
each a ∈ A ′ has exactly one neighbor in X by Lemmas 2 and 3. ReplaceL(v3) by {c(v3), c(v2)} andL(v7) by {c(v7), c(v1)}.
For each z ∈ NC (X) ∩ int(C), change L(z) to L(z) \ {c(p)} where p is the neighbor of z in X . By Lemmas 2 and 3, G′(A ′)
has at most one edge v′′4v
′′
6 where v
′′
i v
′
i ∈ E and v′′i ∈ int(C), i ∈ {4, 6}. If it exists, we again consider the separating 7-cycle
v4v5v6v
′
6v
′′
6v
′′
4v
′
4v4. Hence we may assume G
′(A ′) has no edge. This results in G having a list coloring, a contradiction. 
Lemma 5. C has length at least 8.
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Proof. Let |V (C )| < 8. First, extend c to a list coloring of C . (This can be done by the fact that C has no chord and by the
constraints on c and A stated in Theorem 1.) Now, by the proofs of Lemmas 2–4, we can extend c to a list coloring of G, a
contradiction. 
Lemma 6. C has no chord unless a Type I 4-cycle exists.
Proof. Let u′w′ be a chord of C which separates G into two subgraphs G1 and G2 overlapping on it where G1 contains u and
w. By a similar argument to the proof of (3) in [4], we can disprove the presence of u′w′ except for the casewhere u′w′ ≠ uw
and G2({u′, w′, x, y}) is a 4-cycle. If such a 4-cycle, say u′w′xyu′, exists, then, on condition that it is not a Type I 4-cycle, one
ofw′x, xy and yu′ is a chord of C . Now, a similar argument to the proof of (3) in [4] can disprove the presence of this chord,
a contradiction. 
By Lemma 6 (and its proof), a chord ofC cannot be uw and cannot have one endpoint inA . Hence u andw are consecutive
on C , and so are x and y (if xy exists).
Lemma 7. C has no path z1zz2 with z1 ∈ C , z ∈ int(C ) and z2 ∈ A unless a Type II 4-cycle exists.
Proof. Let z1zz2 be such a path. Define G1 and G2 as in the proof of Lemma 6 except that both of them contain z1zz2. Similar
to (4) in [4], we can disprove the presence of z1zz2 except for the case where G2({z1, z, x, y}) is a 4-cycle. Assume such a
4-cycle exists, say z1zxyz1. If x ≠ z2, then, similar to (4) in [4], the presence of xzz2 can be disproved, a contradiction. Hence
x = z2. By Lemma 6, both z1y and xy cannot be a chord of C . This means that z1zxyz1 is a Type II 4-cycle. 
Lemma 8. G has no path z1z2z3z4 with z1, z4 ∈ A and z2, z3 ∈ int(C ) unless a Type IV 4-cycle exists.
Proof. Let z1z2z3z4 be such a path. Define G1 and G2 as in the proof of Lemma 6 except that G1 and G2 both contain z1z2z3z4.
Similar to (5) in [4], we can disprove the presence of z1z2z3z4 except for the case where G2({z2, z3, x, y}) is a 4-cycle.
Assume there exists such a 4-cycle, say z2z3xyz2. If x ≠ z4 (or y ≠ z1), xz3z4 (or yz2z1) will be a contradiction to Lemma 7.
Consequently, x = z4 and y = z1. Thus, this 4-cycle is z2z3z4z1z2. This must be a Type IV 4-cycle; otherwise the edge z1z4
would be a chord contradicting Lemma 6. 
For a 2-path z1zz2 in Gwith z1, z2 ∈ C and z ∈ int(C ) (respectively, a 3-path z1z2z3z4 with z1, z4 ∈ C and z2, z3 ∈ int(C )),
define G1 and G2 as in the proof of Lemma 7 (respectively, Lemma 8). The path is called fair if uw is in G1 and xy is in G2.
Lemma 9. G has no path z1zz2 with z1, z2 ∈ V (C ) \ A and z ∈ int(C ) unless z1zz2 is fair or a Type III 4-cycle exists.
Proof. Suppose G has a path z1zz2 which is not fair, i.e., G(A ) has no edge or xy is in G1. After extending c to G1, replaceL(z2)
by {c(z2), c(z)} and let A = (A ∪ {z2}) ∩ V (G2). Note that a Type I 4-cycle in Gmust appear in G1 and therefore C2, i.e., the
outer cycle of G2, has no chord by Lemma 6. Consequently, G2(A) has at most one edge, say z2z3. When it exists, by Lemma 7,
z2 has no 2-path in G2 to another vertex of A. Thus, c(z1), c(z) can be extended to a list coloring of G2 unless {z1, z, z2, z3}
induces a 4-cycle in G2 with z3 ∈ A. This 4-cycle, if it exists, must be a Type III 4-cycle since C2 has no chord. 
Lemma 10. G has no path z1z2z3z4 with z1 ∈ A , z2, z3 ∈ int(C ) and z4 ∈ V (C ) \ A unless z1z2z3z4 is fair or a Type V 4-cycle
exists.
Proof. The proof is similar to that of Lemma 9. After extending c to G1, replace L(z1) and L(z4) by {c(z1), c(z2)} and
{c(z4), c(z3)}, respectively, and let A = (A ∪ {z4}) ∩ V (G2). Now, G2(A) has at most one edge, say z4z5, and, if it exists,
z4 has no 2-path in G2 to another vertex of A. Moreover, by Lemma 7, {z2, z3, z4, z5} cannot induce any 4-cycle in G2 unless
z1 = z5, i.e., a Type V 4-cycle exists. 
By the same argument as (7) in [4], we obtain Lemma 11.
Lemma 11. u, w ∉ A .
In the rest of this paper, we assume C = x1x2 . . . xmx1 where x1 = u and x2 = w. If G(A ) has an edge xy, let y = xi and
x = xi+1 where 3 ⩽ i ⩽ m− 1. In the following lemmas, to apply induction on |V |, let G′ = G− X . For any x ∈ V , x′ always
stands for a neighbor of x in int(C ) except otherwise stated. Similarly, x′′ stands for a neighbor of x′ in int(C ).
3. Properties of G when G(A ) has an edge
Lemma 12. If xy ∈ G(A ), then i ⩾ 4.
Proof. Suppose i = 3. Let X = {x3, x4}. Pick c(x3) ∈ L(x3) \ {c(w)} and c(x4) ∈ L(x4) \ {c(x3)}. By Lemma 6, every
z ∈ N(X) \ {w} is not in A . For each z ∈ N(X) \ {w}, change L(z) to L(z) \ {c(p)} where p is the neighbor of z in X . Set
A ′ = (A \ X) ∪ (N(X) \ {w}). Note that x6 ∉ A since x has no 2-path to another vertex of A . By Lemmas 6 and 7, G′(A ′)
has at most one edge x′3x
′
4 where maybe x
′
4 = x5. When it exists, by Lemmas 6–8, x′3 has no 2-path in G′ to a vertex of A ′
and G′ has no 4-cycle containing x′3x
′
4. By the minimality of G, we can extend c to a list coloring of G
′, hence a list coloring of
G exists, a contradiction. 
The last sentence in the above proof will be used very frequently in the rest of this paper, therefore we shall use the
notation (G,A , c) ∝ (G′,A ′, c) to stand for it.
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Lemma 13. G is chordless.
Proof. By Lemma 6, it suffices to prove that G has no Type I 4-cycle. Suppose G has a Type I 4-cycle. Note that i ⩾ 4
by Lemma 12. Let L(y) = {a, b} and X = {x, y}. After extending c to a list coloring of G′ with A ′ = A \ X , pick
c(x) ∈ L(x) \ {c(xi+2)}. Now we must have {c(x), c(xi−1)} = {a, b}, say c(x) = a and c(xi−1) = b. Change L(xi−1) to
L(xi−1) \ {b} and A ′ to (A \ X)∪ {xi−1}. Now G′(A ′) has at most one edge xi−1xi−2. When it exists, by Lemma 6, xi−1 has no
2-path in G′ to another vertex of A ′ and G′({u, w, xi−1, xi−2}) cannot be a 4-cycle. Extending c again to a list coloring of G′
and picking c(x) ∈ L(x) \ {c(xi+2)}, we must have c(xi−1) = a and c(x) = b. Thus L(x) = {a, b}. Now we restore L(xi−1)
to the original list of xi−1 and A ′ to A \ X and, once again, extend c to a list coloring of G′. Now, if c(xi+2) ∉ {a, b}, pick
c(y) ∈ L(y) \ c(xi−1) and c(x) ∈ L(x) \ c(y), obtaining a list coloring of G, a contradiction. Thus wemay assume c(xi+2) = a
and so c(xi−1) ≠ a. However, then we can pick c(x) = b and c(y) = a, obtaining a list coloring of G, a contradiction. 
Lemma 14. If xy ∈ G(A ), then i ⩾ 5 and xi−2 ∈ A .
Proof. Suppose on the contrary that i ⩽ 4 or xi−2 ∉ A . For the former case, by Lemma 12, i = 4 and so xi−2 = w ∉ A . Thus,
we may equally suppose xi−2 ∉ A with the possibility in mind that xi−2 might be w. Let X = {xi, xi+1}. If xi+2 = u, pick
c(x) ∈ L(x) \ {c(u)}; otherwise, arbitrarily pick c(x). Now, pick c(y) ∈ L(y) \ {c(x)}. For each z ∈ N(X) \ {u}, changeL(z)
toL(z) \ {c(p)}where p is the neighbor of z in X . Set A ′ = (A \ X)∪ (N(X) \ {u}). Note that xi+3 ∉ A and so G′(A ′) has at
most one edge e by Lemmas 7 and 13. Assume e exists. If e = x′ix′i+1 or x′ixi+2, x′i has no 2-path in G′ to another vertex of A ′
by Lemmas 7, 8 and 13. Similarly, if e = x′i+1xi−1, x′i+1 has no 2-path in G′ to another vertex of A ′ for xi−2 ∉ A. Moreover, G′
has no 4-cycle containing e. Thus (G,A , c) ∝ (G′,A ′, c). 
Lemma 15. If xy ∈ G(A ) and xi+2 = u, then G has no path xx′xi−1.
Proof. Suppose G has such a path. Pick a ∈ L(x) \ {c(u)} and change L(x) to {a, c(u)}. Now pick c(y) ∈ L(y) \ {a}. The
following reasoning is based on Lemmas 2–4, 7–10 and 13.
First we prove xi−4 ∈ A . Suppose xi−4 ∉ A . Let X = {y}, changeL(xi−1) toL(xi−1)\{c(y)} and letA ′ = (A \X)∪{xi−1}.
Now G′(A ′) has exactly one edge xi−1xi−2 since xi−2 ∈ A by Lemma 14. In G′, xi−2 has no 2-path to another vertex of A ′ by
xi−4 ∉ A . Moreover, {u, w, xi−1, xi−2} cannot induce a 4-cycle. Thus (G,A , c) ∝ (G′,A ′, c). Hence, xi−4 ∈ A .
Let X = {xi−3, xi−2, xi−1, y}. Pick c(xi−3) ∈ L(xi−3) \ L(xi−4), c(xi−2) ∈ L(xi−2) \ {c(xi−3)} and c(xi−1) ∈ L(xi−1) \
{c(xi−2), c(y)}. If xi−3 and xi−1 have a common neighbor v (which must be in int(C )), replace X by X ∪ {v} and then pick
c(v) ∈ L(v) \ {c(xi−3), c(xi−1)}. Note that v has no neighbor in V (C ) \ X . Set A ′ = (A \ X) ∪ N(X). Now G′(A ′) has the
edge x′x and may have one or two edges of x′i−1x
′
i−2, x
′
i−2x
′
i−3 and x
′
i−1x
′
i−3, say x
′
kx
′
ℓ, in addition (when xi−3 and xi−1 have no
common neighbor). If such additional edges x′kx
′
ℓ exist, then we reset X and A
′ in the following way.
Note that, for all x′kx
′
ℓ, x
′
k and x
′
ℓ have no neighbor in V (C ) \ X . Also, x′ has no neighbor in V (C ) \ (X ∪ {x}). If x′i−2x′i−3 is
the only x′kx
′
ℓ, then replace X by X ∪ {x′} and then pick c(x′) ∈ L(x′) \ {c(xi−1), a}; otherwise, for each x′kx′ℓ, replace X by
X ∪ {x′k, x′ℓ} and then pick c(x′k) ∈ L(x′k) \ {c(xk)} and c(x′ℓ) ∈ L(x′ℓ) \ {c(xℓ), c(x′k)}. Now set A ′ = (A \ X) ∪ N(X) anew,
and G′(A ′) has a unique edge x′i−2x
′
i−3 or x′x.
For each z ∈ N(X) \ {x}, change L(z) to L(z) \ {c(p)} where p is the neighbor of z in X . For the case that X =
{xi−3, xi−2, xi−1, y} (now E(G′(A ′)) = {x′x}), x has no 2-path in G′ to another vertex of A ′. For the case that X =
{xi−3, xi−2, xi−1, y, x′} (now E(G′(A ′)) = {x′i−2x′i−3}), x′i−3 has no 2-path in G′ to another vertex of A ′. For all the other cases
(now E(G′(A ′)) = {x′x}), x′ has no 2-path in G′ to another vertex of A ′. Moreover, G′ has no 4-cycle containing the edge in
G′(A ′). Thus (G,A , c) ∝ (G′,A ′, c). 
Lemma 16. If xy ∈ G(A ), then xi+2 ≠ u.
Proof. Suppose xi+2 = u. By Lemma 15, G has no path xx′xi−1. Pick a ∈ L(x) \ {c(u)} and change L(x) to {a, c(u)}. Now
pick c(y) ∈ L(y) \ {a}. Let X = {y}. Set A ′ = (A \ X) ∪ N(X). By Lemmas 7 and 13, G′(A ′) has precisely one edge xi−1xi−2
and xi−1 has at most one 2-path xi−1x′i−1y′ in G′ to another vertex of A ′. If such a 2-path exists, replace X by X ∪ {x′i−1, y′}
and then set A ′ = (A \ X) ∪ N(X) anew. (Note that, when x′i−1y′ exists, x′i−1 and y′ have no neighbor in V (C ) \ {xi−1, y} by
Lemmas 7 and 9.) Now, if b ∈ L(x′i−1), pick c(x′i−1) = b; otherwise pick c(x′i−1) such that |L(xi−1) \ {c(x′i−1), b}| ⩾ 2. Now
pick c(y′) ∈ L(y′) \ {c(x′i−1), b}. Now, for each z ∈ N(X) \ {x}, changeL(z) toL(z) \ {c(p)} for all p ∈ X with pz ∈ E. Now
G′(A ′) has precisely one edge xi−1xi−2 and xi−1 has no 2-path in G′ to another vertex of A ′. Moreover, G′({u, w, xi−1, xi−2})
cannot be a 4-cycle. Thus (G,A , c) ∝ (G′,A ′, c). 
4. The proof of Theorem 1
Recall that, when xy ∈ G(A ), i ⩾ 5 and xi−2 ∈ A by Lemma 14 and xi+2 ≠ u by Lemma 16.
Lemma 17. G has no path z1zz2 where z1 ∈ C , z ∈ int(C ) and z2 ∈ A .
Proof. It suffices by Lemma 7 to prove the absence of a Type II 4-cycle in G. Suppose a Type II 4-cycle exists.
Case 1: xi−1xixi+1x′i+1xi−1 is a Type II 4-cycle.
Let X = {xi−1, xi, xi+1, x′i+1}. Pick c(xi−1) ∈ L(xi−1) \ L(xi−2), c(xi) ∈ L(xi) \ {c(xi−1)}, c(xi+1) ∈ L(xi+1) \ {c(xi)} and
c(x′i+1) ∈ L(x′i+1) \ {c(xi−1), c(xi+1)}. Note that x′i+1 has no neighbor in V (C ) \ X by Lemma 7. For each z ∈ N(X), change
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L(z) to L(z) \ {c(p)} where p is the neighbor of z in X . Set A ′ = (A \ X) ∪ N(X). By Lemmas 7, 8 and 13, G′(A ′) has no
edge. Thus (G,A , c) ∝ (G′,A ′, c).
Case 2: xixi+1xi+2x′i+2xi is a Type II 4-cycle.
Let G1 = G − {x} and L(x) = {a, b}. Extending c to a list coloring of G1 with A1 = A \ {X}, c(y) = a and c(xi+2) = b
(or vice versa) since G has no proper coloring. Change L(xi+2) to L(xi+2) \ {b} and A1 to (A \ {x}) ∪ {xi+2}. Now G1(A1)
has no edge by Lemma 13. Again extending c to a list coloring of G1, it must be that c(y) = b and c(xi+2) = a. ThusL(y) =
L(x) = {a, b} and {a, b} ⊂ L(xi+2). Let X = {xi−1, y, x, x′i+2}. Pick c(xi−1) ∈ L(xi−1) \L(xi−2), c(y) ∈ L(y) \ {c(xi−1)}, and
c(x) ∈ L(x) \ {c(y)}. Now there must exist a way to pick c(x′i+2) ∈ L(x′i+2) \ c(y) such that |L(xi+2) \ {c(x′i+2), c(x)}| ⩾ 2
since (L(x′i+2) \ c(y)) ∪ {c(x)} ≠ L(xi+2); otherwise, c(y) ∈ {a, b} ⊂ (L(x′i+2) \ c(y)) ∪ {c(x)}, a contradiction. For each
z ∈ N(X), change L(z) to L(z) \ {c(p)} for all p ∈ X with pz ∈ E. Set A ′ = (A \ X) ∪ N(X). By Lemmas 7, 8 and 13,
G′(A ′) has at most one edge x′i−1y′ and, if it exists, y′ has no 2-path in G′ to another vertex ofA ′. Moreover, G′ has no 4-cycle
containing x′i−1y′. Thus (G,A , c) ∝ (G′,A ′, c). 
Lemma 18. If xy ∈ G(A ),G has no 4-cycles xi−1yy′x′i−1xi−1 and yxx′y′y.
Proof. Suppose such a 4-cycle exists in G. Let X = {xi−1, y, x}. Pick c(xi−1) ∈ L(xi−1) \L(xi−2), c(y) ∈ L(y) \ {c(xi−1)} and
c(x) ∈ L(x)\{c(y)}. If y′x′ exists, replace X by X∪{y′, x′} and then pick c(y′) ∈ L(y′)\{c(y)} and c(x′) ∈ L(x′)\{c(y′), c(x)}.
Note that y′ and x′ has no neighbor in V (C ) \ X by Lemma 17. Now, for each z ∈ N(X), changeL(z) toL(z) \ {c(p)}where
p is the neighbor of z in X . SetA ′ = (A \ X)∪N(X). By Lemmas 3, 8, 13 and 17, G′(A ′) has at most one edge x′i−1x′′i−1 where
x′′i−1y ∈ E and, if it exists, x′′i−1 has no 2-path in G′ to another vertex of A ′. Moreover, G′ has no 4-cycle containing x′i−1x′′i−1.
Thus (G,A , c) ∝ (G′,A ′, c). 
Lemma 19. G(A ) has no edge.
Proof. Suppose xy ∈ G(A ). Let X = {xi−1, y, x}. Pick c(xi−1) ∈ L(xi−1) \ L(xi−2), c(y) ∈ L(y) \ {c(xi−1)} and
c(x) ∈ L(x) \ {c(y)}. Note that, by Lemma 17, xi−1 and xi+1 has no common neighbor in int(C ). For each z ∈ N(X), change
L(z) toL(z) \ {c(p)} where p is the neighbor of z in X . Set A ′ = (A \ X) ∪ N(X). By Lemmas 13, 17 and 18, G′(A ′) has at
most one edge, either x′i−1x
′
i+1 or x
′
i−1xi+2. If x
′
i−1x
′
i+1 exists, x
′
i+1 has no 2-path in G′ to another vertex of A ′ by Proposition 1
and Lemmas 2, 8 and 17. Thus we assume x′i−1xi+2 exists. If x
′
i−1 has a neighbor q in C \ (X ∪ {xi+2}), the existence of either
xi−1x′i−1q or xi+2x
′
i−1qwill contradict Lemma 9 or Lemma 17. Similarly, the existence of a 2-path x
′
i−1x
′′
i−1qwhere q ∈ A will
contradict Lemma 10. Thus x′i−1 has no 2-path in G′ to another vertex ofA ′. Moreover, G′ has no 4-cycle containing x
′
i−1xi+2.
Thus (G,A , c) ∝ (G′,A ′, c). 
Proof of Theorem 1. Case 1: x3 ∈ A .
Let X = {x3}. Pick c(x3) ∈ L(x3)\{c(w)}. SetA ′ = (A \X)∪ (N(X)\{w}). By Lemmas 13 and 17, G′(A ′) has at most one
edge x4x5 and x4 has at most one 2-path x4x′4x
′
3 in G
′ to another vertex of A ′. If x4x5 ∈ E(G′(A ′)) and x4x′4x′3 exists, replace
X by {x3, x′3, x′4} and then A ′ by A ′ = (A \ X) ∪ (N(X) \ {w}) anew. Pick c(x′4) such that |L(x4) \ {c(x3), c(x′4)}| ⩾ 2 and
then pick c(x′3) ∈ L(x′3)\ {c(x3), c(x′4)}. Note that x′3 and x′4 has no neighbor in V (C )\ {x3, x4} by Lemmas 9 and 17. For each
z ∈ N(X) \ {w}, changeL(z) toL(z) \ {c(p)} for all p ∈ X with pz ∈ E. By Lemmas 8, 10, 13 and 17, G′(A ′) has at most one
edge x4x5 and, if it exists, x4 has no 2-path to another vertex of A ′. Moreover, G′({u, w, x4, x5}) cannot be a 4-cycle. Thus
(G,A , c) ∝ (G′,A ′, c).
Case 2: x3 ∉ A .
If x4 ∉ A either, remove one color from L(x3) and let x3 ∈ A . Now G(A ) has no edge and so we are done with Case 1.
Hence assume x4 ∈ A . Let X = {x4}. Pick c(x4) ∈ L(x4). Set A ′ = (A \ X) ∪ N(X). By Lemmas 13 and 17, G′(A ′) has at
most one edge x5x6 and x5 has at most one 2-path in G′ to another vertex of A ′, either x5x′5x3 or x5x
′
5x
′
4. If x5x6 ∈ E(G′(A ′))
and x5x′5x3 exists, replace X by {x3, x4, x5, x′5} and then A ′ by (A \ X) ∪ (N(X) \ {w}). Now, pick c(x5) ∈ L(x5) \ L(x6),
anew pick c(x4) ∈ L(x4) \ {c(x5)}, c(x3) ∈ L(x3) \ {c(x4), c(w)} and c(x′5) ∈ L(x′5) \ {c(x3), c(x5)}. If x5x6 ∈ E(G′(A ′))
and x5x′5x
′
4 exists, replace X by {x4, x5, x′4, x′5} and then A ′ by (A \ X) ∪ N(X). Now, pick c(x5) ∈ L(x5) \ L(x6), anew pick
c(x4) ∈ L(x4) \ {c(x5)}, c(x′4) ∈ L(x′4) \ {c(x4)} and c(x′5) ∈ L(x′5) \ {c(x′4), c(x5)}. Note that x′4 and x′5 have no neighbor in
V (C ) \ {x3, x4, x5} by Lemmas 9 and 17. For each z ∈ N(X) \ {w}, change L(z) to L(z) \ {c(p)} for all p ∈ X with pz ∈ E.
By Lemmas 8, 10, 13 and 17, G′(A ′) has at most one edge x5x6 and, if it exists, x5 has no 2-path to another vertex of A ′.
Moreover, G′({u, w, x5, x6}) cannot be a 4-cycle. Thus (G,A , c) ∝ (G′,A ′, c). 
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